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Volterra ﬁrst kindAbstract In this paper, authors demonstrate the efﬁciency of optimal homotopy asymptotic
method (OHAM). This is done by solving nonlinear Volterra integral equation of ﬁrst kind. OHAM
is applied to Volterra integral equations which involves exponential, trigonometric function as their
kernels. It is observed that solution obtained by OHAM is more accurate than existing techniques,
which proves its validity and stability for solving Volterra integral equation of ﬁrst kind.
ª 2014 Production and hosting by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria
University.1. Introduction
Mathematical formulation of many physical and engineering
problems results in integral equations. In particular Volterra
integral equations, arise in many physical applications, e.g. ﬂuid
dynamics, electrostatic [1], diffusion problems [2], heat conduc-
tion problems [3], concrete problem of mechanics [4], etc. The
general form of Volterra integral equation of ﬁrst kind is
Z bðxÞ
aðxÞ
kðx; tÞgðuðtÞÞdt ¼ fðxÞ; a 6 t 6 bðxÞ 6 T ð1:1Þwhere f is a known function called the free term, k is the kernel
of the integral and g is the linear or nonlinear function of the
unknown function u [5]. These equations are ill-possed i.e.
small changes in the problem can produce large error. So it
is difﬁcult to solve these integral equations analytically. To
overcome this ill-posedness several regularization methods
have been proposed. These methods resolve the Volterra inte-
gral equation of ﬁrst kind by derivation method or by substi-
tution technique. The choice of best method depends on the
kernel of the integral [5].
To ﬁnd the solutions of this kind of integral equations
many direct and iterative methods have been proposed.
Masouri et al. [6] solve the Volterra integral equation of ﬁrst
kind by using expansion-iterative method. Babolian and
Masouri [7] used direct method to solve the volterra integral
equation. Maleknejad et al. [8–10] use numerical technique
based on wavelets, modiﬁed block pulse function and Bern-
stein’s approximation method to ﬁnd the solution of Volterra
integral equation of ﬁrst kind respectively.
Recently, Marinca and Herisanu [11] established the new
technique known as Optimal homotopy asymptotic method
752 N. Khan et al.(OHAM). The advantage of OHAM is: Built in convergence
criteria, similar to HAM but more ﬂexible. In series of paper,
several authors [12–23] have proved effectiveness, generaliza-
tion and reliability of this method and obtained solutions of
currently important applications in science and engineering.
In this paper, we articulate the concept of OHAM tenderers
a reasonable, reliable solution to Volterra integral equation
of ﬁrst kind. We offer some numerical examples to show efﬁ-
ciency and accuracy of OHAM. The error analysis of the
examples conﬁrms convergence and stability of this method.
OHAM points up it soundness and potential for the solution
of mentioned problem.
The paper is distributed in four sections. Section 2 contains
the resolution of canonical form by different techniques and
basic idea of OHAM, the application of OHAM to Volterra
integral equation of ﬁrst kind with examples is expressed in
Section 3. Concluding remarks are in Section 4.
2. Basic formulation of OHAM
Before applying OHAM, ﬁrst we resolve Volterra integral
equation of ﬁrst kind [5]. There are two kinds of resolution
of canonical form:
1. Resolution of canonical form by derivation technique
Let us consider the equation:Z x
a
kðx; tÞuðtÞdt ¼ gðxÞ; a 6 t 6 x 6 b
First differentiate both sides of above equation with respect to





kxðx; tÞuðtÞdt ¼ g0ðxÞ;








Remark 2.1. If kðx; xÞ ¼ 0, we can continue the derivation
until to obtain knxðx; xÞ – 0; nP 1
2. Resolution of canonical form by substitution technique
Again consider the Volterra integral equation of ﬁrst kind,
we haveZ x
a
kðx; tÞuðtÞdt ¼ gðxÞ; a 6 t 6 x 6 T
We suppose that the hypothesis ensuring the existence and the














kðx; tÞdt ð2:2Þwhich is known, because k is given function. Hence the above




kðx; tÞ½uðtÞ  uðxÞdt ¼ gðxÞ: ð2:3Þ
If hðxÞ–0, we obtain equivalent equation:




kðx; tÞ½uðtÞ  uðxÞdtþ gðxÞ
hðxÞ : ð2:4Þ
Now the problem is ready to solve with optimal homotopy
asymptotic method. After resolving the canonical form of Vol-
terra integral equation for ﬁrst kind, we have the general Vol-
terra integral equation
uðxÞ þ fðxÞ þ k
Z x
a
Kðx; tÞðuðtÞÞpdt ¼ 0; x 2 ½a; b; p 2 N
ð2:5Þ
where k is real number and Kðx; tÞ is kernel of the integral
equation, which is continuous function in ½a; b  ½a; b and
fðxÞ is analytic function deﬁned in ½a; b.
We construct an optimal homotopy uðx; pÞ : X ½0; 1 ! R,
which satisﬁes
ð1 pÞfLðuðx; pÞ þ fðxÞÞg HðpÞfLðuðx; pÞÞ þNðuðx; pÞÞ
þ fðxÞg ¼ 0 ð2:6Þ
where p 2 ½0; 1 is an embedding parameter, HðpÞ ¼ pc1
þp2c2 þ p3c3    where ci; i ¼ 1; 2; 3; . . . are auxiliary con-
stants. For ﬁnding the approximate solution of problem, we
use Taylor’s series expansion about p as
uðx; p; ciÞ ¼ u0ðx; tÞ þ
X1
k¼1
ukðx; ciÞpk i ¼ 1; 2; 3; . . . ð2:7Þ
Substituting (2.7) in (2.6) and equating the coefﬁcients of like
powers of p, we get a series of problem.
Oðp0Þ : u0ðxÞ ¼ fðxÞ: ð2:8Þ

























































By substituting the solution of above said problems in Eq.
(2.7), we get approximate analytic solution of our problem.
Here, we note that the constant ci; i ¼ 1; 2; 3; . . . are present
in this solution. For ﬁnding these constants, we form residual
equation as
Rðx; ciÞ ¼ Lðuðx; ciÞÞ þ fðxÞ þNðuðx; ciÞÞ ð2:14Þ
and then ﬁnd ci; i ¼ 1; 2; 3; . . . by two ways
1. For ki 2 ða; bÞ
Rðk1;ciÞ ¼Rðk2;ciÞ ¼Rðk3;ciÞ ¼    ¼ Rðkm;ciÞ ¼ 0; i¼ 1;2;3;
. . . ;m
2. we construct Jðc1; c2; . . . ; cmÞ as
Jðc1; c2; . . . ; cmÞ ¼
Z x
a
R2ðx; c1; c2; . . . ; cmÞdx; a 6 x 6 b
we have ci; i ¼ 1; 2; 3; . . . by minimizing J
where a and b is domain of the problem.
3. Numerical experiments
In this section, we take some numerical examples to illustrate
the performance of OHAM.




exþtuðtÞdt ¼ xex; 0 6 x < 1 ð3:1Þ
which has the exact solution uðxÞ ¼ ex. After resolving the




etxuðtÞdt ¼ exð1þ xÞ; 0 6 x < 1 ð3:2Þ
The OHAM formulation for above example is





fðxÞ ¼ exð1þ xÞ ð3:5Þ
which satisﬁes
ð1 pÞ½ðu0 þ pu1 þ p2u2 þ   Þ  exð1þ xÞ
¼ ðpc1 þ p2c2 þ p3c3 þ   Þ½ðu0 þ pu1 þ p2u2 þ   Þ
 exð1þ xÞ þ
Z x
0
etxðu0ðtÞ þ pu1ðtÞ þ p2u2ðtÞ þ   Þdt
ð3:6Þ
By equating the coefﬁcients of like powers of p, we get a ser-


































j ¼ 4; 5; ð3:11Þ
By solving above equations, we can get the values of
ui; i ¼ 0; 1; . . . 5. This will give approximate analytic solution
of our problem i.e.






Hence the solutions are


































exx 24 120þ 240xþ 120x2 þ 20x3 þ x4 c41
þ 720þ 1800xþ 1200x2 þ 300x3 þ 30x4 þ x5 c51
þ12c31 15 24þ 36xþ 12x2 þ x3
 þ 2 120þ 240xð
þ120x2 þ 20x3þ x4c2þ 30c21 16 6þ 6xþ x2
þ9 24þ 36xþ 12x2 þ x3 c2 þ 3 24þ 36xþ 12x2
þx3c3þ 30c1 24 6þ 6xþ x2 c2 þ 3 24þ 36xð
þ12x2 þ x3c22 þ 4 3ð2þ xÞ þ 4 6þ 6xþ x2 c3
þ2 6þ 6xþ x2 c4þ 120 2 6þ 6xþ x2 c22




þ3ð2þ xÞ c3 þ c4 þ c5ð ÞÞÞ ð3:18Þ
Table 1 Comparison of absolute errors of Examples 1 and 2.
Examples EI method [6] Direct method [7] BP method [9] OHAM
ðn ¼ 64Þ ðn ¼ 64Þ ðn ¼ 64Þ order=5
Example 1 1:9 104 1:0 103 5:5 103 4:7 106
Example 2 4:9 104 5:2 103 1:1 102 1:5 108
Table 2 Comparison of absolute errors of Example 3.
Numerical method using Bernstein’s approximation [10] OHAM
n ¼ 5 n ¼ 6 n ¼ 7 order ¼ 5
1:4 104 5:4 105 1:4 105 4:6 107
Table 3 Comparison of absolute errors of Example 4.
Block pulse function [8] OHAM
n ¼ 128; k ¼ 0 n ¼ 32; k ¼ 3 n ¼ 64; k ¼ 1 order ¼ 2
1:4 102 1:8 102 1:5 102 9:9 1017
754 N. Khan et al.By substituting zeroth, ﬁrst upto ﬁfth order solutions in
(3.12), we get
uðx; ciÞ ¼ 1
720
ex 30x 120þ 240xþ 120x2 þ 20x3 þ x4 c41
þx 720þ 1800xþ 1200x2 þ 300x3 þ 30x4 þ x5 c51
þ 12xc31 25 24þ 36xþ 12x2 þ x3
 þ 2 120þ 240xð
þ120x2 þ 20x3 þ x4c2þ 30xc21 40 6þ 6xþ x2 
þ12 24þ 36xþ 12x2 þ x3 c2 þ 3 24þ 36xþ 12x2
þx3c3þ 30xc1 48 6þ 6xþ x2 c2
þ3 24þ 36xþ 12x2 þ x3 c22 þ 4 15ð2þ xÞð
þ6 6þ 6xþ x2 c3 þ 2 6þ 6xþ x2 c4
þ 120 3x 6þ 6xþ x2 c22 þ 2xc2 6ð2þ xÞð
þ 6þ 6xþ x2 c3þ 3 2þ 2xþ 3xð2þ xÞc3ð
þ2xð2þ xÞc4 þ 2xc5 þ x2c5
 ð3:19Þ
by using the technique present in Section 2, we have
c1 ¼ 0:915192; c2 ¼ 0:001760; c3 ¼ 0:000121;
c4 ¼ 0:000023; c5 ¼ 0:000002;
Using the values of ci; i ¼ 1; 2; . . . ; 5, in (3.12), we have the
approximate solution. The comparison with previous tech-
niques is given in Table 1.




cosðx tÞuðtÞdt ¼ x sinðxÞ; 0 6 x < 1 ð3:20Þ
which has the exact solution uðxÞ ¼ 2 sinðxÞ. Using OHAM,
we have ﬁfth order solution asu¼ 1
23040
60 x 105185x2þx4 cosðxÞ




cosðxÞþ 1545x2þx4 sinðxÞ 
þ x 105185x2þx4 cosðxÞ
þ5 2184x2þ5x4 sinðxÞc2
þ120c21 80 x 3þx2
 
cosðxÞþ3 1þ2x2 sinðxÞ 
þ12 15x14x3 cosðxÞþ 1545x2þx4 sinðxÞ c2
þ3 15x14x3 cosðxÞþ 1545x2þx4 sinðxÞ c3
þ120c1 96 x 3þx2
 
cosðxÞþ3 1þ2x2 sinðxÞ c2
þ3 15x14x3 cosðxÞþ 1545x2þx4 sinðxÞ c22
16 15 xcosðxÞþ 1þx2 sinðxÞ þ3 x 3þx2 cosðxÞ
þ3 1þ2x2 sinðxÞc3þ x 3þx2 cosðxÞ
þ3 1þ2x2 sinðxÞc4960 3 x 3þx2 cosðxÞ
þ3 1þ2x2 sinðxÞc22þ2c2 12 xcosðxÞþ 1þx2 sinðxÞ 
þ x 3þx2 cosðxÞþ3 1þ2x2 sinðxÞ c3
þ6 4xcosðxÞ4sinðxÞþ3 xcosðxÞþ 1þx2 sinðxÞ c3
þ2 xcosðxÞþ sinðxÞþx2 sinðxÞ c4xcosðxÞc5þ sinðxÞc5
þx2 sinðxÞc5
 ð3:21Þ
where c1 ¼ 0:357880; c2 ¼ 0:408048; c3 ¼ 0:506799;
c4 ¼ 2:184904; c5 ¼ 2:590427.
The comparison with existing techniques is given in
Table 2.




extuðtÞdt ¼ sinðxÞ; 0 6 x 6 1 ð3:22Þ
which has the exact solution uðxÞ ¼ cosðxÞ  sinðxÞ. Using
OHAM, we have ﬁfth order solution as
u ¼ 1
48
20 exx 15þ 9xþ x2  3 sinðxÞ c41
þ ex 6þ 60xþ 66x2 þ 16x3 þ x4 þ 6 cosðxÞ
6 sinðxÞÞc51 þ 8c31 15 ex 1þ 4xþ x2
  cosðxÞ  sinðxÞ 
þ2 exx 15þ 9xþ x2  3 sinðxÞ c2þ 12c21 20 exð1þ xÞðð
 cosðxÞÞ þ 12 ex 1þ 4xþ x2  cosðxÞ  sinðxÞ c2
þ3 ex 1þ 4xþ x2  cosðxÞ  sinðxÞ c3
þ12c1 24 exð1þ xÞ  cosðxÞð Þc2 þ 3 ex 1þ 4xþ x2
 
 cosðxÞ  sinðxÞÞc22 þ 2 5 ex  cosðxÞ þ sinðxÞð Þð
þ6 exð1þ xÞ  cosðxÞð Þc3 þ 2 exð1þ xÞ  cosðxÞð Þc4ÞÞ
Optimal homotopy asymptotic method for solving Volterra integral equation of ﬁrst kind 75524 2 cosðxÞ  3 exð1þ xÞ  cosðxÞð Þc22  3 ex  cosðxÞð

þ sinðxÞÞc3  2c2 2 ex  cosðxÞ þ sinðxÞð Þ þ exð1þ xÞðð
 cosðxÞÞc3Þ  2exc4 þ 2 cosðxÞc4  2 sinðxÞc4  exc5
þ cosðxÞc5  sinðxÞc5ÞÞ ð3:23Þ
where c1 ¼ 0:905607; c2 ¼ 0:002708; c3 ¼ 0:000219;
c4 ¼ 0:000022; c5 ¼ 0:000002. The comparison is given in
Table 2.










; 0 6 x < 1;
ð3:24Þ
which has the exact solution uðxÞ ¼ x2 þ x. Using OHAM, we
have second order solution as
u ¼  100x 11781198 89401þ 79800xð Þc1 þ 9900 26730899ððð
þ15960000xÞc21 þ 59501 59501 299þ 200xð Þð
þ99 89401þ 79800xð Þc2ÞÞÞ=210655495928501 ð3:25Þ
for c1 ¼ 2:433176; c2 ¼ 0:098696.4. Concluding remarks
The purpose of present attempt is to ﬁnd solution of nonlinear
Volterra integral equation of ﬁrst kind by using OHAM. First
we design OHAM for the ﬁrst kind of integral equation by
using resolving canonical form, then applied it to several exam-
ples to illustrate its performance. For the sake of versatility, an
Abel type equation is also added. The obtained results are
compared with expansion-iterative method [6], direct method
[7], Block pulse function [9] and Bernstein’s approximation
method [10]. Tables 1–3 depicts the performance of OHAM
in comparison with above said methods and clearly witnesses
the reliability and efﬁciency of OHAM for the solution of ﬁrst
kind of Volterra integral equation
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